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Abstract. An analytical study of the influence of the long-range atomic interactions o the
properties of soliton-like excitations in a one-dimensional (ip) anbarmonic chain is
presented. The model chosen is a nonlinear diatomic chain in which atoms are assumed to
interact via a cubic and/or quartic nonlinear short-range potential and a linear long-range
Kac-Baker type pair potential. In the continuum approximation, using scaling arguments,
it is shown that the coupled nonlinear difference-differential equations for the motion of
the two different masses can be decoupled and reduced to a generalized Boussinesg

_ equation which admits supersonic and subsonic acoustic kink (pulse) solitons, long-
wavelenth acoustic oscillating solutions of breather type and optical envelope type solitons
of a nonlinear Schrodinger equation. A possible alternation of envelope and dark is found
that can exist not only for acoustic mode but also for optical mode.

1. Introduction

The dynamics of nonfinear lattices and the related soliton-like excitations have been
intensively studied since the introduction of solitons [1]. More recently, atterapts have
been made to study lattices, such as metals or ferroelectrics [2], in which long-range
interatomic forces may be significant. Using a 10 lattice with long-range coupling of
Lennard-Jones type, Ishimori [3] showed that the value of the force range parameter
contributes not to the nonlinear term but to the dispersive terms in the equation of
propagation in the continuum limit. In magnetic systems it is well known that in the
presence of the phase transition in a 10 system, the model must consist of very long-
range interaction forces [4]. A well studied example of long-range interaction
potential is the so-called Kac—Baker [5, 6] potential in which the interactions between
particles fall off exponentially as the distance between them increases. It is commonly
encountered in systems undergoing phase transition and has been recently used to
investigate thermodynamic properties, in connection with topological soliton exci-
tations, of a 1D ¢* system in continuum [7] as well as in discrete limits [8]. It has also
been used to describe the dynamics of solitons in an anharmonic non-magnetic chain
[9], a sine—Gordon system [10] and a magnetic Heisenberg-chain [11]. Most of the
aforementioned studies have been limited to models with one atom per unit cell.
These studies could also be applied to ferroelectric crystals like SrTiQ;, BaTiO; and
KTaO; that have got a diatomic structure along their (100) direction and present
structural phase trapsition, soft mode and central peak phenomena [12].
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Since the pioneering work of Zubusky and Deem [13] on optical excitations in
monoatomic chains, the study of nonlinear acoustic and optical excitations in diatomic
chains has been of considerable interest (2, 14-23]. However, because of mathemati-
cal complexities, most of the models studied to date have been limited to one
dimension and to nearest-neighbour interactions only.

This paper is devoted to a further study of the dynamics of nonlinear quasi-ip
diatomic systems in which the long-range interaction of Kac—Baker type plays a
significant role. In section 2, we present the model Hamiltonian and the derived
eguations of motion in the continuum approximation. In section 3 we apply a
decoupling ansatz (section 3.1) to obtain the kink or puise soliton solutions, the long-
wavelength acoustic oscillatory excitations of breather type (section 3.2) and optical
envelope type (section 3.3). The influence of long-range interactions on the conditions
of existence of the soliton solutions of modulated-wave type are examined simui-
taneously. Section 4 gives concluding remarks and a brief summary.

2. The model Hamiltonian and equations of motion

We consider a 10 chain with two ions (atoms) of masses M, and M, per unit cell with a
spacing of “2a’ between cells (a is the lattice spacing). The Hamiltonian for the discrete
lattice is taken to be

H=(1/2) >, (M3 + M523+ D, (Ut U

+0/2)'S (Viylaty ~ Y+ Vagloa— 5, | m

n¥j

where u,, i1,(v,, b,) are the displacement from the equilibrium position, respectively
the velocity for odd (even) ions of masses M, (M) of the nth cell. These ions are
assumed to interact through linear long-range pair potentials V;,; and V,,; and through
nonlinear short-range potentials Uy, (v,—u,) and Uy, {1 —v,). Vi, and Vo, are
taken to be the Kac-Baker form in which the interactions between ions fall off
exponentially as exp(—y]x|) as the distance x between them increases:

=5 .
Vig=71 38 s (2a)
1-~8 .
Vz,,]:.rz ( ) Sinﬂjl. (Zb)

The coefficients J, and J, are constants measuring the elastic energy of the lattice, The
parameter $= exp(—y) defines the range of interaction with 0= S <1 and can be seen
as a measure of the ratio Vi,.1/V1,y(Vayi/Vay) of the elastic coupling coefficient
between the nth and (f+ 1)th odd (even} ions on one hand, and the nth and jth odd
(even) ions on the other. The absolute difference |n—j| measures the distance
between the odd (even) ions of cells n and j. The virtue of this interaction potential,
commonly encountered in physical systems such as the Ising ferromagnetic lattice, is
that the range of interaction can be varied continuously. Indeed, when S increases, the
range of interaction (the coupling coefficient V;,(V,,) between the odd (even) ions
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on cells # and §) continuously increases. For a given S, Vy,(Va,) decreases when |n — j|
increases. Experimentally, one can relate the parameter § to the number of neigh-
bouring interactions. Due to the mathematical complexity and in order to model the
physical situations where the weight of the long-range coupling is smaller than the
short-range one, we have neglected long-range interactions between odd and even
ions.

When 5=0, the model reduces to a second nearest—nelghbour problem. On the
other hand, the limit §— 1 defines the infinite-range problem. V', (V5,) is constructed
such that the total potential experienced by one ion due to ail others is finite for all §
so that a thermodynamic limit exists. Then we have

> Vig=J; (i=1,2). (3)

JEn

The nonlinear short-range potentials between ions are a polynomial approxima-
tion to a realistic potential such as Lennard—Jones and Morse potentials and have the
form

Uln = %kZ(Up - un)2+ %k:!-(vn - un)3 +Tlfk4(vn - un)4 (412)
UZn = %kz(un-#-l - Urs)2 + %'kS(u'n-l-l - vn)3 + %k‘#(un-i-l - Un)4 (4b)

where k,, ks, k, are force constants. From Hamiltonian (1), the equations of motion
for «, and v, are

Ml ﬁn = kZ(vn - Zurz pll /. 1) + kS((Un - n)z - (un - Un-l)z) + k—%((vn - un)s - (un - Un-l)s)

(1 S) Z S+l — 50)
Myb,= Ity — 20, + 10} + ks (U — 0 — (v — U )) + kg((ttrr— 00) — (0, — 1))
(1 S) 2 S|;-n|(v —p ) ) (Sb)

The overdots (* *) denote time differentiation.
Let -

Al )Zsb —l=2f,  (i=1.2)

j#En

and define the auxiliary quantities

L]n=ﬁn+2;—;1un-1ﬂ,, (6a)
Lz,,=i5,,+2:r-2—v,,-—Fz,,r (6b)
M,
where
iy ks ky
Fu=gg a2, 000+ 37 (00— 0= (o 00 + 3 (0= ) = (= 01))

(7a)
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k. k
F2n=_2—(un+l—20n+un)+_3((un+1_ Un)z_'( —U )2) + ((un-!-l Un)s'"' (Un_ un)3)'
M, M.

, (7b)
Equations (5) can be rewritten as
1 (1—-8
n__l(___) Z Slr-nl (8a)
f¥n
Jo(1-8 )
= _.2_£_2 2 Sti-rly, (85)
jEn
with L,, and L,, satisfying the recursive relations
J, 1-5)
(S + 1J’S )Lm L]_,.,.H_ -+ Lm_]_ -+ E’—""g"’_‘ (un.;.]_ -+ U, 1 ZSu,,) (ga)
1
J, 1-5)
(S+1/8)Lo,= Lopiy + Loy 1+M 5 (vps1+ 0,1 —280,,). (9b)
2

We can apply the continuum approximation to the displacement of each mass

separately and write

u, (1) = ulx, )

vp(2) = v(x, 1)

Lir:(t) _>Li(x7 t)

Fyu(u,(8), 0,(8)) — Fi(ulx, 2), 0(x, 1)) (10)

Ups1 + Upey =20+ 480, + (43t + O£

Upir+ Dp =20+ 430, + (4/3)a v e + O(e°F9)

Lypoy+ Lip_y=2L;+4a°L . + (4/3)@* Ly, + O(**9).
In equation (10) £ is a small scaling parameter (¢ is O(a/10)) such that §/8x is O(¢) and
a/6t is O(¢) and we have neglected terms of higher order than £%*¢ (a=1, 2). The
parameter a is determined by the balance of the highest-order dispersive and
nonlinear terms. For the quartic potential (4;=0) the fourth-order dispersive term
and nonlinear term are balanced if & is O(1), i.e. with & =1, but for the cubic potential
(ky=0) if uis O(g), so that o =2. Using these approximations where we keep terms up

to fourth derivatives, equations (9a) and (9b) yield
2

(u—-4a2-(-I"_“_LS"S—)2un) =F1+%?((1+S)Hlluﬂ—.gf‘m)

) gy ;)2 ((1 + S) SFum) | (11a)
, S _ 4a? J,
(U ~4q (1—_3—)“2' Uﬂ)u— F2+(_1:S_)2 ((1 +8) E vu—SFm)
+(4/3) (—1%—)5 ((1 +5) ;4—1 - SFM) (11b)

where F,=F,(u, v) and F,= F,(u, v) are given in the appendix.
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3. Soliton solutions in the continuum approximation

3.1. The decoupling ansatz

The two equations (11a) and (11} are decoupled by using the following ansatz
[1,17,22]

o =o(u+ byau, + (b:/2)a%, + (5316)0 Uy + (D128 Uy + boa*ulu ). (12)

To determine the constants g, b, b,, b, b, and by, the procedure is to substitute v(x, £)
and its derivatives in equations (11} and impose the condition that the two equations
for u(x, r) resulting from (11) are equivalent. In the continunm approximation there
are two values for o: ¢=1 and o=— M,/M,. By analogy with the linear chain o=1
corresponds to an acoustic mode where the ions move in phase with slowly varying
amplitudes. The value o= — M, /M, gives an optical mode where the ions move out of
phase with amplitude ratios equal to o. In the following, we shall examine each mode
separately.

3.2. Acoustic mode (c=1)

3.2.1. Kink and puise soliton solutions. Following the procedure described earlier we
can calculate the coefficients in (12) for the acoustic mode and obtain

b1=1

148
by=2M, 1/M1+ng

2M,— M. 1+8 13a
bFGMO( =M, 2) | (134)

MM, T I=s)

1458 48
b4=24M0((1/3)M2 — (UM, +T, (1_—5)2(452/2 +1/3 +(T—s_)))
with B
My= M, M,/ (M, + M) (13b)
and : )
To= 20Ty My~ T,/ M)k - (13¢)

The nonlinear coefficient b, of (12) depends on the symmetry of nonlinear short-range
potentials and has been determined for the case of the quartic potential (k;=0in (4))
and for the case of the cubic-quartic {k;#0)..

In the first case (quartic potential}, the two equations arising from (11) are
equivalent if b, is given by

(1+S8) k,

(+ R 3MOJ [} (1__5,_5'2' -k'; .
Then, one of the identical equations obtained is given by

1y — €78 Yoty = 3G (1Yt + (S Y + F(S Ylhse ' (15)

b (14)
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For the case of the cubic-quartic potential, the two equations obtained from (11)
are identical if the compatibility conditions

T M, =1,/ M, and by=0 (16)
are satisfied. With these conditions, the single equation obtained is of the form

Uy €28Vt = 2pU o, 4 3G (U, 1t g+ P(S Vit prer + (S Yt (17)
which reduces to the form of a generalised Boussinesq (G-Bq) equation for Z=u, [9]

Zy— SV =p(ZD) e+ G(ZD) o + A(S) Z e + F(S) Z 1 (18)
where

CA(S) = (2@ My) (bf2+ 20, (1 + S ) es(1 — 1) (192)
is the sound velocity ‘

p=2a"ks Mo/ M3 (195)
and

g=2a*k Mo/ M3 (19¢)

are the nonlinear coefficient while

h(S) = Rhpa*/My) (baf24 + 2T, (1+ S 3ko(1— S Y= 28b,/ (1~ SY) (194)

and
F(S)=48a*(1—-8) (19¢)

are the dispersion coefficients.

As expected, for $=0 equation (18) reduces to the G-8q equation, the well known
limit of diatomic chain with noalinear cubic and quartic interaction potential between
first neighbours in the continuum approximation [22]. Moreover, the results of the
monatomic chain are obtained if M;=M, [24]. An equation similar to (17) was
derived recenily by Roseneau [25] for a weakly nonlinear 1p lattice with N neighbour-
ing interactions by using a method which correctly preserves the essential features of
the discrete system. But no special link was assumed between the coupling coefficients
of different neighbouring interactions. Consequently, the coefficient of the u,., term,
as well as that of the nonlinear interaction potential term, were given as sums over the
N interacting particles. But in our equation (17), the coefficient of u,,, depends on the
parameter S which measures the range of interaction. This is due to the exponential
form (link) of the elastic coupling coefficients between the particles of the lattice.

Neglecting the Z* and Z* terms in (18) ard locking for small amplitude solutions
of the form Z(x, {) = Z, sin(kx — wr), we obtain the dispersion relation for the phonons

w?=(c%?— hk*Y (1 + k) (20)

where @ and & denote respectively the frequency and the wavevector. Equation (20)
shows that the value of the range parameter S mainly contributes to the form of the
dispersion relation. The frequency w?® remains positive if k satisfies, for each value of
S, the following condition

cE—hik>0.
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Looking for soliton solutions of the form

Z=Z(x— vi)=Z(E) _ (21)
the full nonlinear equation equation (18) yields

(0° ~ SN Zee =p(Z%)e+ g(Z%)g + ' (8) Zgss (22)
where )

R(S) = h(S) + F(S)v2. : (23)

The kink-type solutions for (22) are presented in [24]. The analytical expression for
~ the general case (p#0, g#0) is given as

u(x, t)=tsgn(h') (8h'/q)'? tan'l(%1 tanh(fL—w+x1)) (24)
with .
f4p%+18g(v®— )" £ 2p\ 12
1=([4p2+18q(02—62)]”2$2p) (25)
“and i
L=2(R"I(v*—cH))V (26)

In (24) x, defines the initial position of the soliton while v is the velocity. The width of
the soliton depends on both P, and L. The +(—) sign (in (24)) means that the soliton
can produce rarefaction (compression) in the lattice. The parameter sgn(h’)==+1
depending on the sign of #’. The two special cases g=0 or p=0 reduce to the
Boussinesq (Bq) or Modified Boussinesq (M-Bq) solitons:

(i) Bq (p#0,9=0)

u(x, t) =sgn(k")3((h'(v? - c?))"*/p) tanh (x ;vt_{_ xl) )]
_ (ii) MBq (p=0,g#0)
u(x, )==£22n'/q)"? tan"l{exp(% (x—or) +x1) } (28)

The width and the amplitude of these solutions depend on the range parameter S and
may, respectively, increase and decrease as § increases [9, 10]. For §=0, equation
(24) reduces to the well-known soliton solution of the G-Bq equation for M, # M, [22]
and for M,=M, [24]. As in the case of monoatomic chains [9], the analysis of the
possible types of sotutions for equation (27) allows us to find subsonic and supersonic
kink (pulse) solitons of dilatational or compressive type, and the condition of
existence of subsonic solitons for both cooperative and competitive short- and long-
range interactions.

3.2.2. Soliton solutions in the weakly nonlinear case. In order to obtain the low
amplitude breather solutions of equation (17) we use a simplified version of the
expansion method [26]. We assume

U—>Etly (29
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where <1, and introduce the slow space and time independent variables:

x,=g"x t,=g". (30)
Accordingly, the displacement field w(x,#) in (17) is regarded as
u(Xg, X1y - - - 5 tos by, - - .) and the derivative operators (8/8x) and (8/9¢) are expanded as

8/8x = 8/ 8xy+ €0/ dxy + - - -
310t =0/dty+ 20/t + - - - .

To simplify the terminology thereafter we write x for xy, X for x;, t for £y, Tfor t; and u
for u,. Then we assume for 1 a modulated wave solution of the form [9, 27]

u=Fy(X, TY+(F(X, T) e’ +c.c) +e(F(X, T) e® +c.c) (32)

which contains a pc term, a first- and a second-harmonic. Here 8 =kx— wt, the
frequency w and the wavevector & are related by the dispersion relation given by (20).
Substituting (29) and (32) into (17) and equating D¢, first and second harmonic terms
we obtain

G

e (Forr+ *Foyx— 20k Fl3) + O(e%) =0 (33a)
{e(( —2ikc® + 4ikk® + 2ifkeo®) Fy — 2io(1 + k3 Fy)
+ £X((1+ f&*) Frp+ (fo* + 6hk® — ¢®) Fyy— &f KwFyr

~ $ipk>F*F, + 2pk*FF oy + 6k*q| FEF)}e? + O(e%) =0 (33b)
{e(( — 4>+ 4k3c? — 16ak* — 16fk*w®)F, + 2ipl* (F))}e® + O(%) =0. (33¢c)
From (33) and introducing new scales

E=x—0o,T t=¢T (34)
with

k (c®—2hk*—hfk")

v, = (dw/dk)= P ERTS0 (35)
we obtain

F, =2ipk*(F )/ (4* — 4k %>+ 16k *) (36)
and

2
Foym s ([FE-+1) 37)
g

where 7 is the integration constant, subject to the following nonlinear equation:

~iF,+ PFy;+ Q|FPF+ B'F=0 (38)
with
P K (f*+R) (> —2hk + hfk?)
20 (SP=hEH(A+fE

pk? J2 2pk® Kt
o= (3(fc2+h) o-aa +fk2)) ey (39)

(39a)
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Figure 1. (Acoustic mode.} Plot of the quantity P, 0y = PQw*(1 ~ f%*) as a function of the

. range parameter S and for different values of 7, (i=1,2) with M, =2M,=1, k=0.2,
ky=lz=k,=1 and a=1. Solid line: J, = 2J,= — 0.005; dashed line: J; = 2J,=0.01; dotted-
dashed line: J,=2J,=0.05; dotted line: J,=21,=0.1.

and .
B P 2 k 4 )
T e@i-A )T (40)
Putting ’ 7
F=Gexp(—iB'1) (41)
equation (38) yields the cubic nonlinear Schrédinger (NLs) equation
—~iG,+ PGy + Q|GG=0. (42)

The signs of the dispersive coefficient P and nonlinear coefficient () determine the
character of the solutions of (42). If PO <0, equation (42) has an envelope soliton
solution which has a vanishing amplitude at |£|— . If PO <0, a typical solution of
(42) is a dark (or envelope hole) soliton where the depression of an enveloPe
propagates as a soliton with a finite amplitude at |§|— .

In figure 1, we plot the variations of the quantity PQ (multiplied by 4w 2(1 +fk?%)
which is always positive) as a function of the range parameter .S, for different values of
J; (i=1,2), and for ky=ky=k,=1, M;=2M,=1,a=1, and k=0.2.

For J,=2F,=1 (1=0.1, 0.05, 0.01), PQ can be alternately negative and positive as
S increases. When J, =2J,= —0.005 (negative} we have PQ <0 for 0=<<5=0.77 and
PO >0 for 0.77<85=0.83 (the case $>>0.83 is not physical because it gives c><0).
When J;=27,=—-0.1 we have PG <0 for 0=5=<0.38 and c*><0 for §>0.38. These
results, although strictly valid only in the continuum approximation (small-% limit),
show a new possible alternation of envelope and dark-soliton solutions which depends
strongly on the long-range interactions (values of J; and S). This alternation of
solution can be obtained not only for competitive interactions (/;<, k,>0) as in the
case when first and second-neighbour interactions are present, but also for coopera-
tive interactions (;>0. k,>0) [22].

Let us now give an explicit solution for the case PO >0.

For PO >0 the envelope soliton solution of (42) is given by [28, 29]

G(&, 7) = A sech((Q/2PY°A(§ — u. 7)) exp( —i(u, /2P)(E—u.7)) ~ (43)
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where A is the amplitude
A= ((ui—2u.u)/(2PQ)) (44)

where u%—2u.u.>0, and u, and u, are the velocities of the envelope and the carrier
waves. In the present case we obtain B' =0 from (40) because we have localized the
solution such that Fy,, F and its derivatives tend to zero for |§| -« . From equations
(41), (34), (30) and (29) one can calculate

Fel&o0 = A sech((x — V.t)/L,) e~ @45) -
with

V.=v, +e(u/P) (46a)

K=k—g(u/2P) (46b)

Q= — (e /2P) (v, + eu/P) + @ {46c)
and where the quantity

2P
ST (46d)

is the width of the envelope.
Substituting expression (43) in (37) and integrating one obtains

Fy=xA(2P/Q)"* tanh((AQ/2P) (- u,v/P)) +D (47
where D is the integration constant. Thus from (31) we obtain
u=zcAytanh((x— V, 1)/ L)+ £A sech((x — V. £)/L,) cos(Kx — Qt)

+ &%An sech®((x — V£)/ L,) sin(2(Kx — Qf)) (48)
where
zkz
An=A s (2PIQY". (49)
vi—c

Equation (48) has the form of an asymmetric envelope, i.e. the amplitude at
infinity is finite and of opposite sign at x=+ . It is a superposition of a kink (pc
term) and envelope solitons coupled and both moving at velocity V..

3.3. Optical mode (0=— M,/ M,)

Following the paper by Pnevmatikos et al [22], the compatibility condition is only
possible if the cubic term of the interaction potential is set to zero (k;=0). In this case
we keep only terms to O(¢”) so that the terms ux? and u’u,, are of (¢°) and can be
omitted if their coefficients are of O(1).

From the compatibility condition we obtain

b1= 1

1+8
by =2My| VU M—Jy —(1 — S)z) (50)
bs: b4= bo

where M, and J; are given, respectively, by (13b) and (13c¢).
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The equation for u(x, t) is -

tp+ (St + u+cu=0 (51)
where
gl (12 (e ey
=2k, WA;E;MA:Z)— (52b)
c3 =2k, @ﬂZTﬂiz)s . (52c)

As expected, for §=0
kya® 2 Mz Ml)) '
=2 | 1= | Jy o 53
UMM\ K ( M, M, (33)
and the equation (51) reduces to the Pnevmatikos ef al. form [22]. We shall discuss the

various solutions of equation (51).
If ¢, <0(k,<0), ¢;>0 and ¢; <0 there are kink solutmns for u [30]

u(x, 1) =ugtanh(x ;”+x°) : (54)
with

ty=%(—crlcs)'? (55)
and

L=Q(|a|=v?)]e)"™ (56)

As in the previous mode (acoustic mode), the width of the topological kink
obtained here-depends on the range parameter and may increase as S increases [10].

If ¢,>0, we can find oscillating solutions by transforming (51) into a nonlinear
Shrédinger (NLs) equation for the slowly varying complex envelope function ¢(x, ¢) if
we look for solutions of the form

©ulx, t)=¢(x, t) exp(i(kx — wt)) +cc (57
where & and  are chosen to satisfy the linear dispersion relation
o¥k)=ci—ck* (58)

at the centre of the Brillouin zone (k+0) for the optical branch. Working in a
reference frame moving with the group velocity v, =dw/dk, we obtain from (51) and
(57) a nLs equation for the first harmonic ¢(&, 7), with

E=x—u,t and T=gf (59a)
i + 2 + 9| P =0 o - (59b)
where we neglect terms like ¢.,, and u = (d*w/dk?) is related to the dispersion while
Qo= —3¢;/2w. ' (60)
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We note that, for §=0, equation (59) reduces to the Pnevmatikos et al. form [22]. For
#4Q,>0 (¢,¢;>0) it admits envelope solutions which, for the discrete diatomic chain,
define spatially localized envelope solitons in the form of a wavepacket with an
envelope function that modulates an essentially harmonic carrier wave. For uJ,<0
(¢1¢5>>0) we have dark solitons where the envelope has a finite amplitude as |§] — o
and a compression near the soliton position.

In figure 2, we plot the variations of the quantity 4, as a function of the range
parameter S, for different values of J; (i=1, 2), and for ky=k,=1, Mi=M,=1,a=1
and £=0,2.

For J;=27,=1({=0.1, 0.05, —0.1), the quantity #Q, decreases and changes sign
as § increases. For small values of § ($=<0.1), uQ, is positive, when $>0.1, uQ, is
negative. As in the previous case (acoustic mode), the above results show a new
possible alternation of envelope and dark soliton solutions which can be obtained for
both competitive (J;<0, k,>0) and cooperative (J;>0, k,>>0) short- and long-range
interactions. Let us now give explicit solutions for the case uQ,>0.

For u(Q,>0 the envelope soliton solution of (59) is given by [28, 29]

$(&, v) = A sech((Q/2P) A (& — u.7) exp( —i(u./2P) (6 — u.7)) (61)
where A is the amplitude
A={(t2—2u.u)/(2PQ))* ' (62)

where uZ—2u,u,>0, and u, and u, are the velocities of the envelope and the carrier
waves. From equations (57), (59a), (61) and (62) we then obtain the symmetric
envelope solution

u=gA sech{(x — V,H/L,) cos{Kx — Qf) (61)
with

Ve=p,+&(u,/P) (62a)

K=k—&(u/2P) (62b)

Q= —(eu /2P) (v, + su/P)+ o (62)

_&GOE— I 1 F1 ! L 1 1 I [] ‘\ ..:\ !
0 0.2 5 0.4 0.6

Figure 2. (Optical mode.} Plot of the quantity #Q, as a function of the range parameter §
and for different values of J,{i=1, 2) with M, =2M,=1, k=02, k,=k;=k;,=1and a=1.
Solid line: J,=2J,=-0.1; dashed line: J; =2J,=0.05; dotted line: J, =27,=—0.1.
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and where the quantity

[= 2P
< e(u?—2u,)'"?

is the width of the envelope.

In contrast to the previous case (acoustic envelope), equation (61) has the form of
a symmetric envelope. For § =0, it reduces to the result obtained for a diatomic chain
with first and second nearest interactions [22].

(62c)

4. Concluding remarks and brief summary

In this paper we have studied the effect of long-range interactions on acoustic and
optical soliton-like excitations in a nonlinear (10) diatomic lattice model in which the
atoms were assumed to interact via a cubic and/or quartic nonlinear short-range pair
potential and linear long-range pair potential. This long-range coupling falls off
exponentially as the interparticle distance increases and has the virtue that the range
of interactions can be varied continuously in a controlled manner.

We first used the continuum approximation which leads to noniinear coupled
equations for the displacement fields of the two different masses. We applied a
decoupling ansatz to reduce, in the small-amplitude limit, these equations of motion
to the well known generalized Boussinesq equation (GBg) which admits acoustic and
optical soliton solutions.

In acoustic mode, both supersonic and subsonic kink (pulse) solitons of dilata-
tional or compressive type are found. The subsonic soliton can exist for both
cooperative and competitive shori- and long-tange interactions. Considering the
smail-amplitude nonlinear oscillations and using the multiple-scale expansion tech-
nique, we have derived a cubic NLs equation of motion for the first-harmonic term of
the displacement. The analysis of the sign of the dispersive and nonlinear coefficients
of this equation shows a possible alternation of envelope and dark soliton solutions
which depends on the long-range interactions. It can be observed for both competitive
and cooperative short- and long-range coupling. The modulated wave solution of the
asymmetric envelope were calculated. Similar results have been obtained for the (ip)
monoatomic lattice model [9]. a ‘

In optical mode, considering the small-amplitude nonlinear wave, we have derived
a ¢* equation or, after using the multiple-scale expansion technique, a NLS equation
which allow us to calculate, respectively, optical kink or symmetric envelope solu-
tions. As in the acoustic mode, the analysis of the sign of the dispersive and nonlinear
coefficients of the NLs equation shows a possible alternation of envelope and dark
soliton solutions which can be observed for both competitive and cooperative short-
and long-range coupling. An interesting problem related to these results is that a
nonlinear system which supports envelope solitons is known to exhibit modulation
instability. Consequently, the results obtained above reveal clearly that the long-range
interactions will also control the modulation instability regimes. Another important
point to outline is that, by setting S =0, our results reduce to those obtained from the
model with first and second neighbour interactions. '

In order to partially take into account the lattice effects that will occur in a real
condensed matter system, it should be interesting to extend the study using the semi-
discrete limit in which the envelope of a soliton is determined in the continuum limit
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while the fast oscillations of the quasi-harmonic carrier inside the envelope are treated
exactly.

Appendix

The quantities F, and F, used in equations (11) are given as

2k, 2
F1=ﬂ—4-1—{v—u—av,+a D — 30

zvxx - -32"1 3Uxx.r + '.lf aduun}

+F3{(u —w)(av, — 0%, + 300 — 30 0 )
1

—a*l—a*v? +2a%.0,.— 30’000}

2k, s a’
+— < (v—u) =30 —u)?| av;— 4% v+ 50700 — = Ve
M, 3

+6(r—w)(a®wi+a*v:i —2a°v, v, +%a v0.,) — 4a’vi+ 12a4u§vn)}

2k, ) . at
FZ—E{u—v+aux+a Ly + 3@ U + 3 thocee

4 at
+—k3 (u— )| au,+ a2+ 50 U + = Uy
M, 3

+a*ul+a'ul +fatu,, + 2a3u,u,_,}
2k, at
+ H: {(u — vy +3(u—rv)* (au, +a%u, + 30U + 0 u,w._,)

+6(u— v) (@us+ a'ul +26%u u, + 32 U s, + da’ui+ 12a%u? u,x} ;
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